fn3sighai Axasory Committes ) _ o
;'-/ [~ _biar Ancanautics - -
) MAILED

FEB 15 1940 Fiae v
To Library, . Lo A A= 2 N

L] '
-l ' TECHNICAL NOTES
h ]

RATIONAL ADVISORY COMMITTEE FOR AERONAUTIGS- ) f -

‘No. 750 B K

e ot - - h—

A GENERALIZED VORTEX THEORY OF THE SCHEW PROPELLER
-

AND ITS APPLICATION T

By Hans Relssner . .
Armour Institute of Technology _ T e e

!
P, S , = e

R )

Ws
|

Aashingtaon . S __—":__T_____:—'
February 1840 ;}' B

W T~ _ Rt T s ST ey



L
6 01433 7415

N\lm'ngn"n;ﬁfmeﬂﬂu L T

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTEZ NO. 750

—

A GEYERALIZED VORTEX THEORY OF TﬁE SCREW PROPELLER

AND ITS APPLICATION

By Hans.Reiséner
SUMMARY

The vortex theory as presghted by the author in car-
lier pepers has been extended to permit the solution of
“~ the followling problems: - _ _
(L) The investigation of the relation between thrust
‘and torque distribution and energy loss as -
given 'by the induction of helical vortex-
sheets and by the parasite drag; '

(2) The checking of tho thdorem of Betz of the rigidly
) behaving helical vortex shect of minimum in-
duccd energy loss; . : C e

(3) The cxtension of thc theory of thoe scrow propel-
leoer of minimum cnorgy loss for the inclusion
of parasite-drag distridbution along the blades.

A simple system of diagrams has dbeen dovelopsed %o
systematize the desizn of airplanc propellers for a wide
range of practical application. Several tyPICul dlagrmms
are preqentpd to- illustrate thb nethod.

ISTRODUGCTIOR

In earlicr papers {(refeorcnces 1 and 2), the author
proescented o theory that followed the conception prosented
by Betz and Prandtl in 1919. (raefoerence 3) of the helical
vortox sheets laft bchind by the trailing edges of tho
propeller blades. T T -

The relation between tho thrust and the torque dis-
tribution and energy loss have been given in a somowhnt

new and more precise form by rational superposition of the
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" influence of potential flow and of friction. The thcory
of Betz was proved more rigorously by extcndling a method
of proof used by Fuchs (roforence 4) for the stroight-
moving airfoil t6 the rotating airfoil. '

A new theorem for the screw propelier of induced and
parasite drag cnergy loss can be stated by a very simple
formula giving the induced inflow angle change of mimimum
total resistance (or enorgy loss) as affected by an,arbi-
trary distribution of parasite drag along the blade.

A method of computing the induction of rigld or non=~
rigid vortex shoets entirely differont from tho method of
" Goldstcin has been followod. The results of this method,
as far as thoy corrcspond to rigzid sheets and no parasite
drag, shall be comparcd with the results of Goldstcin (ref=-
grencc 5). In ordor to derive & system of tables and
curves for the range of engine powers, speeds, alr dengiw-
ties, and relative inflow for the design of airplane pro-
pellers, & great amount of work ls necessary and all the
charts have no% been completod. It was necessary to de-
velop the circulation function upon which all the blade
dimensions depend into a powor sorics along the blados,
satisfying cortain boundary conditilions at the tip and the
root. The values of the constants werc determincd by mak-
ing a minimum the mcean square of the doviation from the
‘prescribed inflow angle change of minimum total enorgy loss.
Such a mean sguare can be deflned in different ways, which
elther comphasize the correctness noar the tip or near the
root.

About 200 tabulation sheets and 86 diagrams have been
preparcd, cembracing tip specd-advance ratios from 1 to 5
and bladc numbers from 2 to 4. Thesc diagrams allow 1m=
mediate application for the ratlos 3 to 5 but, for the
ratios 1 and 2 giving high flight wvelocity, morc zcccurate
velucs of the Bessel functions appearing in tho intograls
will have to be determined for the middle part of theo
blades. Twenty-six of the dingroms are roproduccd as same
ple sheets in this paper.

The work was carried out at Armour Institute of Tech-—
nology wilth the financial assistanco of the National
Advisory Committee for Aeronautics.
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FOTATIOH
torque acting on propeller elther directly or
through a gear from the engine.
thrust of propeller. )
Cyatt of } .
total. loss of energy (Quw= Tw).
radial velocity.
' s A £ 211
angular velocity of propellsr kga n) .
propecller speed, revolutions per minute.

axial velocity of air relative to plane of rota-
tion of propecller.

rosultant inflow velocity («/wz + uzra)
induced velocity. e

radius of blade clement.

radins of blads tip. ) -

density of medium (air) in which propcller is
vorking. _f“____;

blade widihe. . ' e

number of blades. A -

dimensionless radial abscissa or reciprocal
advance per unit of circumfercntial travel.

angle with planc of rotatlon of undisturbed
1

rclative resultant inflow (cotan™® p; o =:cdﬁ'a).

1ift coefficient.
parasite-drag coefficient.

torque coefficient ( )
pw S

thrust coefficient (T“L Y.
Y
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. 2
energy-loss coefficient(\Ew5> .
W

z, &xisl coordinate.

I'y circulation.

T'*, circulation coefficient (I'ﬁ% ).
w

8§, angle of parasite drag (8 = cotan™? 6/Cp).
1, change ofangle a of undisturbed inflow pro-

duced by the induction of the helical vortex
sheets. :

FUNDAMERTAL PROPOSITIONS

A dimensionless radial aumber
p =wr/w (1)

According to figure 1l:

dL = Cp m ~— dA ' (2}
2
'V-2

E=QuwW - Ty : ’ (4)

Considering (figs. 1 and 2) that the resultant ele-

mentary lift 4L acting on the elementary area 44 = bdr

of a
flow
drag
loss

bladsa is perpendicular to the incidence line of the
as it ie changed by the induced angle i and the
angle &, the thrust, the torque, and the energy
can be expressed by the following integrals:

ra
Q = I‘/n dL sin (o -+ 1 + &) r (5)
o -
'y
T o= t/p &L cos (o + i + &) (6)
o
Ta .
E = IJ/ﬁ ar w 2in (1 + 8) (4a)
Jo sin o ) . .
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For the scctlons uscd in propeller design and for the
practical oanglos of attack between the direction of no
1ift and thc relative inflow dircction, the angle of para=- =
site droag changes slowly golng from thoe maximum anglces
used toward the zero angle of attack BUt inerocascs rapidly =
in the othor direction toward the angle of maximum I1ift.

Thoe 1ift 4L _ -thot the air currcent gxerts on o blade =
element cdr shall be expresscd by the circulation T
produced by the helical vortex sheets origlnating at the
tralling cdges of all the blades in the following manner:
Bquation (2) bocomes in this case

dL = Cr & ¥2 car - (2
L S c ( a) ;
where
V2 = w22 + w? = w2 (p® + 1) = w2 (1 + cot2a) = ———  (7) y
sin®a B

and where, following Wieselsberger'!s relation, the 1ift
coefficlent O shall be split in the-ideal (friction=-
less) part and the dolduction caused by the parasite dragz.
This simple superp051tlon of the two offects of potential
flow and of friction has been proved to be sufficiently
accurate and vory uscful by experience and practice. Put -

oy = O (1 = E8) (8)

with the experimental constent k haviang a value of aboutb
7.5, : o T )

Those rolations must now be comparcd with tho Kutta- B
Joukowski=Prandtl relation between circulation ' and Iifft

ALy = pI ¥V dr (9)

whore @&Lg 1is tho M"ideall 1ift clemont; that is, the 1lift
eloment for an airfoil without parasitec dreg. o LoT=

Comparing now cquations (22), (8), and (9), obtain
GL,O e V.= 27 _- elTmE = _:
and S

40 (1 - xs8) (10)

2
AL = pI'V dr (1 - k8) = p ¥ p
w sin o ——
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Introducing thoen a dimensionless circulstion cocf-
ficient by putting ’ - o ) —

2
T = I'* ¥ (11) v
wl

remembering that, from cquation (1),

sin o =

and teking intv account that I'* and 1 + § are small
quantitics of which producta and power only up to tho
second power noced be rotalnod, it is poasible to write the
relations (5), (6), and (42) in dinonsionless forn, o8
followss

Dimensionless force and energy coefficients may first
be introduced:

Qws t
= 12
0q = oo (12)
Tuf v
Cm = — {(13)
T wir &
0. = BuP 14
B pw S ( )
Then the relations (5), (6), and (4a) appear in the fol~-
lowing pure~number cxpressions?
Pa
Cq = dpp ™ [ 1.+ p(i + 8) (1 < kb) (5a)
TPl
Pa
'z}
Cp = / dp T* [p - (1 + 8)](1 - k&) (8a)
N .
Py
Pa
Cq = / dp I'™ (i + 8)(L + p®) (1L = k8) (4v) -

Pi
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In referonces 1 oand 2, thrce important problems of
the vortcx~shoet thcory of thso. propeller arec stated:
nanely,

(2) To doternmine the distribution of induced-angle o .
changoes -1 of the.inflow alorg the blade . N -
rodii produced by given distributions of cir- .
culation cocfficiecnt I'* (or vortox-distri- -
bution coefficlent dI*/dp).

(b) To dotermine the éistribution of circulation co-
efficient I'* following from a glven distri-
bution of blode width, bPlade seccivion, and . -
blade-~angle secitting.. - : - -

“(ec) To dctermine those distribwutions of circulation
cocfficient I'* ard tip radial nunbers o
P = wra/w that give the mininun onergy—loss,
coefiicicent O if tho valuo cither of the
torque coefficicnt O or of the thrust coef=- '
ficicent O 1is prescribed. L
In referencos 1 and 2, methods have becn indicated to
solve thesc praoblens. This paper shall consider only prob-
lens (a) and (e). It shell Lring a new proof ‘and an cxtor—
sion of the Betz theorem of the rigid vortex sheet and shall o
work out onc of the indicated methods as described in de- Coc
tail in the following soctions. - o T T T T

IUTLOW ANGLE CHANWGE INDUCTION i FOR MINIMUM ENERGY LOSS

Before .the discussion proper, o renork shall be
nade about a reciprocal theoren ir potentinl thecory and
its application on the determination of distributions of
nininuvn induced resistonce. Co s

R. Fuchs has proved, by neans of this reciprocal
theoreor, M. Munk's theoren of the elliptic distribution of
circuloation and of the rigidly noving vortex shect for oire-
foils in tranmslation and has sugzgested thas it also night
be applied to the prodblem of airfoils retating in a relen tivc
a2ir currcnt ond, in this war, the indueced resistance or
cnergy loss of the rigid helical vortex sheot investigated. .
(See rcfeoreacec 4.) -

Tho following discussion shows that the reeilproeal
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theorem leads to the result that the generalization of

Munk's theorem %o the helical vortex sheet is . Justified
up to small quantities of the second order and can even
be further generalized to include the parasite drag.’

The reciprocal theorem (due to Gauss) will first be
given ln the language of potential theory and then trans-~
lated into the language of hydrodynamics.,

Given a closed surface A and two potential func-
tions ¢, and ¢, continuous with continuous derivatives,
the reciprocsal theorem of Gauss can then be pronounced in
the form

3
$ar o, X2 - ¢ an g, aq)nl

dn - (18)

where the derivatives are to he taken 1n respect to the
normal of the surface taken everywhere to the imside (or
everywhere to the outside).

If now (fig. 2) this surface is given by two of the
helical vortex sheets, two plane sec¢tions parallel to the
plane of ratation and a cylindrical surface coaxial to the
axis of rotation at a sufficiently great distance from it,
then only the derivatives at the vortex sheets give a con-
tribution to the integral because: By the supposition of
helical symmetry, the terms of the two sectional planes
cancel each other; the terms on the remote cylindricael sur-
face disappear, decreasing more quickly than the recipro-
cal square of the radial distance; and the terms on the
helical surfaces also cancel each other because, on account
of helical symmetry, the potentials are equal and the de-
rivatives are of opposite sign on account of the definition
of the positive sign of the normal.

Observing then that

dz dr X

W

d4a

dz dr 1+ pa

and that dp/3n 1is the velocity induced by the vortex
sheet, that is, (see fig. 1)

v . Vv* = iV = iw 1 + o2
on e
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the reciprocal theorem can be written for this special
case in the form.

JT* 15 (1 + p?)ap =/ % 3,(1 + pPlap (152)

the integral taken only over the discontinultles of one
helical discontinuity (or vortex) sheet. -

Compaering with (4b) and assuning for a moment the

parcsite~drag angle 8 = 0, this relation gives a rec1p—" .
rocel thecorem for the energy loss corresponding to one _ T
kind of circulation function T'; (or ¥  writton dimen-

sionless) and its corresponding flow deviat1on i, and
another kind of circulation I'5 (sz) and its corrcspond-
ing flow deviation i,: nemoly, - —— = oo

Cg>1,2 = Cg,2,1 (15%)

The idea of. the proof of Fuchs is td consider first the -
energy loss produced by the difference of two clrculat1on— )
deviation distridutions I™,, i,, Iz, 1z: nomely, T

fdp(_r*l - T) (1, - 15)(1 + p2)

It

Cz,1-2
and, according to (151), o o - s e
2 .
Cg,1=2 = Cm,3 * Cz,2 = 2/ dp(1l + p7) T*pi; o :
¥ow for o rigid helical shect, ' A Dbeing an unknown con-

stant, the induced velocity ¥*, and the inducoed angle _ _ =
i.. woulé be . - . o S S

I . : - T e ————

2 . . . -

= ip =A—b - (16) o
+ p ) - _

Assuming i, = i, and inserting this value into the last
equation of thec encrgy loss produced by the difforenpeg,

obtain T

CE,l—g = CE,l + GE,B - kadpp I*a . (17) e
As oither the value of torque & or of thrust T must

be prescribed (which one does not make any difference),
prescribe the torgue of the engine according. to {5a) and,
interested for the moncent only in the cenergy loss by the
induccd resistance but not by drag, the condition of kcep-
ing tho torque constant isi

il ..
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Pa -
/P dpp T'™ (1 + pi Y} o= /ﬂ dpp T*5(1 + pig)
P - S '

and, if again for .1, +tho value apportalning to the rigild
vortex sheet is ilntroduced, then:

1+ p
or
NSepp Mz = AJfdppT¥ + A[dpp” <T*1I—EB_3 " T e )
p
A .

Inserting this exprossion in (17), this cquation leads to

05,2 = Op,1-2 * 05,1 + 2/ dpp? (T*li%eﬁ "I 1a) ()

Now the last integral 1s a snall quantity of the third
order, 1f I'*, i, and A arc all of thoe first ordoer of
snall quantities, and theroforo

Cg,2 = Cg,1 + Cy,1-2 (18a)

and Betz's generalization of Munk's theorem, to attain the
ninimum induced cnergy loss for a given torqus or a given
thrust, is proved %0 he correct by the mothod of Fuchs.

This significance of (18a) recsults from the fact that

tho cnergy loss CE 1m2 must be positive and therefore
3 -

Cg,1 must-be smaller than any other possible loss Cx, 2
of encrgy.

In order now to extend thec minimum condition to the
total=snergy loss including the parasitc drag given by the
drag angle 8, if either torque or thrust of the propel-
ler (also including the effect of the drag) is presecribed,
the cncrgy loss corresponding to the differcnce of two
circulation functions P*l, I'*, and $o the difforence of
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the corresponding deviation angles i must be expressed _
in the general form containing the drag angle_ 5. ~ LT

This expression is given by o -

Cg 1.z =/ dp(l + p®)(T% = D* ) [L, + 8 = (i, + 8)] (_}__— k8)

Cg,1+Cg, o~ Jdp(L+p®) [T, (1548)+ Txy(5, +8)] (1-k8)

How the putential part of the flow satisfies again the con-
dition (1l5a)

Jap(l + )% i, =Jap(l + p®) ¥, 4, .

Therefors, neglecting small quantities of the third order
like TI'™18 against the quantitlos of the second order
tike T*1° or T*6&:

/ .
Cg,1-2= Cgm,1+ 0m,2- 28/ ap(1+p2)I*5 (1, +%> - Jap(1+ p2)T* 8

Putting then

v & e n —B (162)
2 _ 1+ p . - =

the last equation becomes

Og 1.z = Cg,1+ Om,2- 27 dpp T*5 = Jdp(1 + p2) I'*,8 (18D)

The third term on the right-hand side can now be trans-
formed.by the condition of prescribed torque, according L=
to (5a):

I

Cq = Japp 1’*1[1+p<?\—f—+—~’;—+—g>J(l—k8) : .

Sdpp T, "1 + p (i + 8)] (1 - k8)

This equation, if small quantitiecs of higher order than
the second are again neglectod, furnishes: A

2ASfdpp T*, = 2 A adpp ey

On the other hand, ' L
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]

2CE,1 Bf_flp I‘*l(l + pz) (}\___E_____ + .§.

1l + pz 2

2N Jfapp T*, + 2/ dp I*, (1 + p?) %

Putting this coxpression into (18b), thore arises finally
agoin the result

c = (18a)

E,2 g,1 7 °C

E'l_g
which rosult significe an extension of Betzls thecorem from
ideal propellcers to the actual propeller having parasite
drag as follows: ' ’ ’

Tho propeller of minimum lose of energy, if torque
or thrust is prescribed, must lcave bechinéd its
trailing blade cdges vortex shects that will pro-
duce perpendicular. fto then induced inflow-angle
chagggs (i) egual to tho diffceronce between the
inflow—angle changes A ——Ji—w of rigid helical

1 + p®
surfaces oand the half of the angles § of para-
sitc draog of the blade scctiaons.

Inx this theorem, the factor A remainsg indeterminate
until the relation betwecen the clrculation I'* and tho
inducecd anglc deviation 1 (or induced weloclty V* = 1iV)
has boon devoloped; whercas the drag angle &8, although
not varying much for the most important range of anglcs of
attack, nust be chosen from experincnt according to the
shope oand the smoothnoss of each scction of the blade.

DETERMINATION OF DISTRIBUTION OF CIRCULATION

(THRUST AXND TOLQUE)

In order to apply tho rosults arrived at in the fore-
going pages, it is nocoessary to answor the gquestion:
Which circulation distribution I'* would be nocessary to
produce a dcsired induced change 1 of inflow angle?

This question has not be answerced dircctly until now,
cxcopt for the inflow ongle change of the rigid vortex
sheet by S. Goldstein (reference 5), but the inverse prob-
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lem, to determine 1 from an arbitrarily given circula-
tion  I'¥, is in principle solved by the Biot-Savart in-
tegral., o

In references 1 and. 2, there has been derived for
this purpose a formulse different from the Biot-Savart
integral, which avoids the three-dimensional space inte-
grations and the inconveniences of apparent singularities
in the Blot-Savart solution and gives the resultant in-
duced angle change 1 .as the sum of three terms.

The first term, which is independent of the number _
of blades (that is, for an infinite number of infinitely '
small blades), significs the mean value of 1 oan each
arc between each pair of 1 Dblades and can be called the
self-induction 1ig of the circulation at a blade point
on this point. ' T

The second term represents the effect I3 of the
circulation existing on the redius inside of a point, on

this point, using an infinite series of intpgrals contain~-

ing the circulation distribution in this interval and de—
pendent on the number of blades.

The third term in an analogous manner rcepresents the

effect 1, on this point of the circulation existing on

the part of the radius outsgside of it. "

Introducing the Bessel functions of imaginary argu-
ment of the first and second kinds I,y(nlp) and Kuyq(nip)

written in Watson's notation as reé&l functions and writing
for abbreviation .

nl = m, Ipi{nlp) = Iy, Eni(anlp) = K@

the formula may be written:

__;;z[xm(pw 1m<g)d(£dr*)+ Imfwf Km(‘g\)d@drbj

"‘*

i(p) =

411p

This formula covers the case where the induced velocitiep

V* or the angles 1 remain finlte at the axis and at _
infinite radiesl distance. el o

Anyhow it ﬁay be useful for applications to give also
the formula for the case where a hub body, as in figure
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t

(22) makes the radial velocity wu =zero for, r = ry, that
is, for p = pji.

In equations (4), (7), and (9) of reference 1, the
two integration constants fp 3 and fn(a) have to be

determined for the assumption of a hub body, so that:

(a) for p = », i% is required that u(o) + uld)
°) + v(1) = 0, wlo) 4+ w(2) = 0, and this
relation is again accomplished by putting

(1) _ Pa ars
£, = - J/ﬁ X (g) d.(g
Yo

"1
(b) for p = py, 1t is required that wlo) 4 4 (3),
v(0) + (1) finitas, wio) 4 w(l) finite and
this expression brings with it

<E)= dr'* = » =
fn o,(dp)p=pi 0, (%), =0 (21)

These conditions change formula (20) into
(o) I*
i = _..._....ﬁ.-.—a. K
el i Z nip) /[‘ In (g)d (ﬁ

by ,
+ Im(p)f Km(f.)d@%? ] (20a)
Jy .

providedhthat conditions (21) are observed for the choice
of the function T'*.

This fact would imply that, for every change of- hub
diameter (change of ps), another function I'* would have
to be employed. Yet, if p3 1is sufficiently small in re-
lation to p, and if only TI'* and d4I™/dp are suffi-
ciently small at the polnt py, then conditions {(21) can

be neglected in view of the fact that, on account of the
fillets between the hubd splnner znd the blade, conditions
(21) are actually only approximately wvalig.

If now the problem is advanced to design the 1



TeA.Cohe Techunical Hote Ho. 750 15

bladecs with such widths, cross scctions, and angle posi-
tions that, for a given speed of the airplane w (cor-
reccted for the influence of hull) an angular volocity of
the shaft .w (specd of the ﬂnglne), and a given torque
Q, thrust is a maximum or, what is the samec, the encrgy
loss is a minimum, then the distribution of circulation
I'* must be chosen according to the law (16a) for the in-

flow angle deviation 1 previously derived: namely, -
i = A—2F 8 (16a)
1 + Pz 2 ————— =

where the &8's are the drag anglces of the cross sections s
of the blade, generally increasing with thickness, that is, e
from the tip to the root of the blado; and A is a con-

ctnant +n ha Antarmminangd +a odivn -l-'hn -vlnnq"
5T4inv 0 0¢ aetermindd TOo Ba4evic ULILC Lyus

cording to (5a).

The relation (16a) must then be introduced into (20a)
so that the following dotermining cquation for I'* arisecs:

P
r a
™ = "-—1Tp<7\1——f—p-5 %) ezLKm(p) f Im(ﬁ)d<£——— L
Py . R -
+ Ip(p) /‘ T, 0a(e df*)“;_(zs
Y 4 -

This equcation looks likc a nonhomogeneous integral cquetion
of the sccond kind for the special casec ﬂherc, undc" » tho ]
intogral, thc function to ho dotermincd appoars as a aer1v~
ntive. Trying to differentiastc this equation in such a
anaer thwt the left-hand sido 1s tramsformed 1nﬁo T T T =

dp <p and then introducing this oxpression as a new

function ¥ %o arrive ot the customary form of the inte-
gral.equation, onc finisthat, following a property of the
Bessel funetion, "the serics splits into two dircrgent =
sarics. It has becon proved, however, that thd series is ’
convergent before this:.transformation, so thaf this troans—

fo:mwtion docs not lead to o useful meth..d. It shows Only

that the induced velocity or inflow-angle change 1 can -
be determined as a summation of the vortsex: dlstr1butlon '

adb
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Ar*/dp but not as ‘the summation of the cffects of the cilr-
culation (I'*) distribution. .

The solution of (22) has been effocted in the follow=-
ing way: Assuming for I'* a polynomial serices in p wilth,
at first, arbitrary coofficlients but satisfying the condi-
tion thet each polynomial term P*P igs zero at the 1nner
and tho outor boundories Py and p, @and that the deriva-
tive dI'*/dp 1s szero at p = p;, it is assumed for the
special case py = O:

P=EP,y T
P* = 5 A Th,, where T s P77 (py - p)  (23)
p=o -

The angle devigtione 1 producecd dy this circulation
function have been computed by (20a), as will be degcribed
in detail, in the form

=
i= § Ap ip : (23a)

where the ip'; are now known as functions of p and p,.
Comparing now (l6a) and (23a), the constants are to
be determined by the equation

P::Oo
T A

- P 5 ) .

1. = A = 2 (24)
p *p (

p=0 1+ p2 2 /o >ppy

with the condition for prescribed torgue

Pa : : ; _
Cq =~/ﬂ dppZ (&g T*P)[l + p<>\i—£1;3 + % :](1 - k&) (51b)
Joy -

This integrel is casily calculated as soon as the function
8§ 1is prescribed and givee the value of tho constant A,

In order to find the best reproscntation of tho right
sido of (24) for a limitcd number of terms p, the mecon
squarc of the deviation from the idoal function, that is,
from tho right side of (24), shall be made a minimum in
such a way that to the doviatlons from their truec valucs
is allotted groatecr welght toward the tip of the blado,
incrcasing with the arca covered in rotation.
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This method furnishes %the following condition for %he
coefficients AP

Pa, : =P 2
dpp | A—B =B T Al 1 (p) = minimum
2 P) g P °p )
1+ 9 p=0 .
The differentiations in respect to each of all the coeffl-
clents AP gives the following set of equat;qn;_fpr the

Ap's: -

P=DP, pa ] Pa 2 - = i —
2 %/ dpp in(p) iplp) = A 2827 1, (p)

P=0 - X . A l +4 pz . - Tt/

1 a pi N =

- E.j/p dpp 8(p) i,(p) (242) o

Py CC -

In each of these equations appears one angle ix. The num-
ber of these equations is equal to the number p, cf poly-
nomials P*P chosen to design the blade because 2 zrTuhs —_

from n =0 to n = p,. —

The functions i, and 1, found by (ZOa) and (24&)
express all the constants 45 by the coastant A. The
constant A must then be determined by means of the pre-
scribed valwe of the torque coefficient Cpn, that is, by
introducing the Ap, N relations from (248) into (5bH), _
which then becomes a quadratic equation for A. Of the two ~ B
roots of this equation, only the small and positive one has _

a physical meaning. _ T I

CALCULATION OF ANGLES i INDUCED BY

P . - :
TEHE CIRCULATION TEERMS I*P L=

For the procedure described, it is necessary to com-
pute the functions 1ip(p) Dby means of (20a). As the B —

Bessel functions of imaginary argument nl(nlp) ® I, and
Kn1{nlp) = E; arc-'not tabulated as far as they are nceded

here, 'it had already been suggested by the author (refer—
ences 1 and 2) that the asymptotic expressions of Nicholson
(reference 6) be used. For the purposc of this problem,

the first terms of these expressions are sufficiently ac-—-
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curate down to a value of a radiel distance number p =
0.6% which, for nl = 2, gives an error of 2 percent and,
for the next terms with nl = 4 and 2nl = 6, gives

errors legs than 0.1 percent. In a'supplementary section,
it ig shown how values for points nearer the origin are
determined by the classical power series of the Bessel
functlions and how the behavior of the curves, to be come
puted, approaching the origin, 1ls ascertained.

The Nicholson formulas for the Bessel functlons of
imaginary argument as used in references 1 and 2 have been
written as follows:

Introducing as a new independent variabdle

=/ 1+ =, v=/14 52-, gl-.-_ v -1 (25)

then Nicholsonls fUrmula'can be written:

m
Im(p) = .._._:}__.....1_. <eu / P—.Z.i)
o BmHQf; u o+ 1
_ u - 1
K, (p) = 2m Jﬁ ( J/u s

and, introducing the development (23) for I'*,

Iy = pP*2 (pa = p)

&y ). gper S
ST et e atea - e 9t ]

the term ip corresponding to the contribution of I'*

can be written (using (25)):



e {m—“ (i

1

JoETD) -1)

= (5 [

u-~-1
u+l

va——e—mv (V 1)

m
)

e Jr. =,
D,

wtp

J" mv(v—l) 2 [(P"‘z)Pa' (p+3) / ]

(v+1)—"

..[E...._P—l
[(p'l' 2) pa-(P +8)° JVE ]}

(v+l§

(20b)

: Yo

"eoN ‘830N TBOTUUDSL ‘¥ '0'YV'H

0S4

61
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In expression (20b), therc appoar. four integrals.
Each of tho integrands has been computod for the valucs
of m=2, 4, 6, 8, and 10 oand for valucs of p = 0, 1,
and 2. e o - ’ R

The calculation showod, as is to be scen, in figurcs
3, 4, and 5, that the integrands increascd so rapidly

with thc abscissa v for I and vg - v for Kp that
it was nccessary-to change tho scale very often in plot-
ting them along the abscilssa,

This change was particularly noecessary in order to
bo ~ble to draw the intogral. curves, that is, in order to
determine tho arcas for a suffliciocntly great numbor of-

abscissa values E=./v3 = 1 or v = Jf2 4+ 1.

Each of the integrals in (20b) was represented by
two curves corresponding to the two terms under the inte-—
gral signs in (20b) from whican the differcnt curves ro-
sulted. - ’

In this way for the induction from the 1lnside, the
sets of curves for the different tip radii numbers _
ug = 2, 3, 4, and 5 in figures 6 and 7 and, for the in-
duction from the outside, the sets of curves in figures
8 and 9 were drawn for the different tip radii numbdbers
Ug, the different orders in p, and the differont orders
in m. '

For the induction at each one of the points u =p=+1
betweon u =.1 and u = ug, the integral as well as
from the outside a&s from the inside had to be multiplied
by the valuc of Xp(p) and Iy(p), respectively, at the
point considered, as equation ?EOb) shows .

This task was rather laborious by tabulation as well
as by drawing, but nothing simpler coul@ bo found.

Having then determined the angle inflow inductien i
from lanside and outside for a certain tip radius number

u, =+p,® + 1 and a number of points botween u =1 (p = 0)

and ug, both inductions were superposed in figures 10 to
16 so that a graphical picture of the total induction for
every ©p &and for cvery m was gained.

Finally, for cach p separately but for all the
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values of m that have been computed, the inducition curves
have been addéd and a remeinder of the m series has been
added by utilizing the facit proved elsewhere that the con-
vergence of the series in m approaches the series R

E.E; with sufficicnt approximation.
m=

i

These resulting curves are shown in figures 17 to 24,
All these curves do not contain the first term of "solfM N
induction on the right sido of (20b), which is, vory B
simply, to be calculated and added to the "distant? indue-— _
tion curves. B o =z

I% may be remarked herc that, for rcasons of being
able to compute (20b) graphically, the functions choson
in (23) have no verticeal tangont ot the point p = py, os
is the casc for elliptical distribution. - )

Such a proposition would have made E(E in-

finite. Yot the inclination of the tongent to the curve
' coan be made as great as desired by ovon a single term o
of (23) if the condition of minimum energy loss would dc- ' o
nond it. : o
For the following computation; two blados (v = 2)
have becn assumcd dbut, in the future computations, many
of the integrals can bo usecd for other blade numbers as _ E
only the order number m = nl (n =1, 2, 3 «. +. «) is de- E
cisive. o -

In rofercnces 1 and 2, it has been shown that the
convergence of the scries inm (20b) is of the charactor
n~2 Dbut it remains to be investigeted how the right side
of (20b) behavesfor very small velues of mp because of
the infinite valuc of tho Bessel functions X of the sec-

ond kinéd for mp = 0 and bocause the approximate repre- T
sentations of Nicholson for not too snall values of the = .
argunent mp = nlp- have been used. e e

For small values of np, the two Bessel functions
of imaginary argument can be written

seo -5 =
wep - ESRL(E)T
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The terms used for the power serlies for '™ = ¢ AP P*P
are:

T*p = oP % (p, - p) (23)

giving for the terms under the integrals in (20)
d ar ' +1 2 P 2
7 () = e v 2 e - e )7 ]

The first integral in (20), if it is to be computed
only for a very small upper limit p, i1s then written:

P m o3 - .
f(%) E—!-[(P*'E)Q'Pa §P+l-(p+3)2 Ep+2]d§
Yo

Evaluating this expression and multiplying by Km/zﬂp, the
result is:

p
X * p+i 2
e [ e (0 ) B )T A (e 8)® =P ()
21p at dnm p+e+m p+3+m

o
This equation proves that the curve showing the induction
of inflow-angle change 1 by the vortices inside of the
point considered starts from zero at p = 0O with the an-
gle tangent

1 [ p (p+1) (p+2)° o (p+2)(p+3)3]
&

tan = ———
Po 4mim p+2+m p+3+nm

Hence, for all values of ﬁ > 0, the induction curve .is

tangent to the abscissa axis and, for p = 0O,
Pa
(tan @g). = ——
P=0  mym(m + 2)

The second integral of (20) must also be considered
in order to Judge the trend of the contribution to the
angle function 1. It may be repeated here .

In paK . ar#*
Yp

Now the integral has been computed Py means of the asymp-
totlc approximatlions of Nicholson for all lower limits
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down to p, = 0.6. Therefore only the additional contri-
butions from p. to p; .are considered: namely,

P

1
I ar
—':Il' Kmd. <E =
2mp at
Jq —_ -
m-1 o p+ta-m pt+a-m a o pPt+a-m p+a-m
2 - -
-2 (pe2)® B2 - (pre)” B o
4T m ' p+ 2 ~m p+ 3 -m
Excluding at first the particular cases p + 2 - m = 0 or

p+ 3 ~-m=0 and considering that the lowest value of m
. is 2, one sees. that, in the 1limit p-—> 0, the contri-
_bution is zero and therefore, as the total integral from
to pg 1s finite and has to be multiplied by the zero
value of Im/awp, the induction curves for the lnfluence
‘of the outside vortices go to zero at p = 0 tangentially
to the abscissa axis, for m > 2, except the particular
cases. - -

The particular cases are:

for p.=0; m= 2, m = 3

]
’-—J
=
]
>

for o

5

]

N

=]
[
i

B

]

for

Calling the exponent that becomes zero g, the ex-
pression to be evaluated is:

)

a q . ' :
<_TL> = pi? log py = p* log p = log £2
. g=o .

Now for the orders p =0 and p = 2, one has to apply
the preceding result to the firet term inside the brackets
of (b); whersas, for p = 1, the second term gives the
particular case. . :
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Thore rosults

P =0, n= 2
p .
I 1 ¢ I'* o T 0
K,d(i °>=—L4q log=2 - 9(p, = ):| (bg, 2)
Bﬂp‘j[‘ 2 at e Pa _ g o P; P 0,2
P
n o= 2, n = 4
PS p
-— —— -—l.— hand oy
= s5—|16pa log S 25(p, p)J (b2’4)
P =1, n = 4
3 I
P P1
= ~9(p ., = p) - 1Bpy log & [ (by _4)
1611{_ Pam P Pa o | (P,
IThcsd cxpressions show that, for the lower 1limit p = O,

the contributions arc zero and therefore, as the contridu~
tion produced by the vorticos at points with larger values
of p conputed with Nicholson's formnulas are finite in theo
values proper of the iantegral and zero after nultiplication
by I,/2mp, it appears that the induction of tho outside

vortices on the root point in the perticular cases previous-
1y conputed (for p = 0) is also zecro.

Yot the influence of the logoarithnic term appearing
in (b0,2>’ (b2'4), and (bl,4) causcs tho tangeat of the

induction curve to be perpendicular to the abscissa axis
at P=Ov

DETERMINATION OF THE CONSTA¥T A AND OF THE CIRCULATION
FACTORS FROM THE TORQUE COEFFICIENT AND FROM THE

INDUCTION OF MIMIMUM LOSS

The %torque coefficient has been exwressed by the inte-
gral (5b). This integral shows that, to each series term
of

D% = DA, Ty, Ty = pPT2 (py = p) (23)
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there corresponds a contribution of the torque coefficient
of minlmum loss of energy:! - T

pa, 2

The integration leads to (8 1s assumed to be constant and
in one placc &/2 1is neglected against unity):

+ 1
OQ’P _ A pap + o P+3 1 ) - pap+5 1
= = a. -
1-k§ p+1 (p+2) (p+3) (p+4) (p+5) -
Pa appltt pt1 Pa, - =
+ Apgy SRR+ A v T - -
1+p? l+p o s
/o
+ . ~
+ opa i - + p Pte 8 (54)
(p+4) (p+5) 2(p+5) (p+6) )
As the terms foxr I'¥ have beon used only for the num-

bers, p=0, p =1, and p = 2, there arec also only
thrac contributory terms for .GQ: namcly, -

-—

c r 3 25 )
QR0 _ _Al-pa+.p._a;_ - Pa_ . arctan pp - Pa log (1 + pﬂa)_’

1=k5 6 20 2 _
p Q _&__ _ . — . ::,‘:
* 20 * % 6o . ==

1l

Cg.1 f_pa® Pa* _ P 1 -
T —AL- : o - —§—+pa arctan pg =35 }og (}4'933)_

~k5 12 30 B
Pa Pa B
6 I
Y =
3 5 7 .
C Pa Pa. Pa P -
_3-‘-.'_2- = sl - -~ _:a_‘_ 2 - .
1-k8 e * 30~ iz t 5 tos(l + p,7) - py + arctanp,
? 8 ' e = o
+ Pa_ . 5 Pa
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Tho totdl torque cocfficiont is then to be writton as

followss

As not only the CQ D terms bub

according to (24a) are lincar functions of A,
guadratic equation for

finally arisc o

Tho cquations detcrmining the factors

stated in (24a).
explicitly in

sponding circuloation term D%

Technical Note No.

750

+ A, (50) i

Cq,2

also the factors AP,

therec will
Ne

have been

They ' may be troated now soncwhat more
such o way as t0 show how dite curves computed
to give the induction of 1inflow angle 1

by the corre-

are to be used to find the

coefficionts of the equations” (24a) dctermining tho factors

Ap.
Yriting then equation (24a) in the fornm:
\
.A.Q Too + 44 f01+A2 fog = ?\fo*—g—go
do a0 + Ay fa1 + Ap fap = N Fy - % &1 & (241b)
So fgo + Ay fa1 + Ay fpp = A5 =~ % &2
the factors £ and g have the following significance?
Pa, N
fnp =/ dpp in ip
L& pi
pﬂ. 2
a
£, = alid SN W s (27)
1+p?
Jo,
.Pa
&n =~/f dpp iy
Ypy ~ .

which shows that

fnP = fpn
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NUHZRICAL RELATION BITWEEY THD FACTOR A OF ID3AL

AMGLE CHANGE FUNCTION 1 AND THE PRESCRIBED

'TORQUZ (POWIDR) CORFFICIEKT

As o first case has beenr treated the propeller of tip

pa =V24 = 4-9-

radius nunber Fornula (54) gives

CQ’O = (1 - k8)(141.0 + 125.9A + 230.48)

Cgq,1 = (L = k8)(461.0 + 419.9X + 806.05)

Cq,2 = (1 = k6)(1,612.0 + 1,489.7A + 2,982.08) “
Supposing now that eguations (24b) for have

-A-o, ‘A'l’ Ae

been solved in the foran: _ o _
AO = aoh + 608 IR
A‘l = C(’l.'\ + 616
Az = @3}\ +538

and that -the value of the torque (or power) coefficient
GQ is prescribed by the performance of the englino and the
airplanc, then the followiang guadratic cquation for A is

obhtaincd:
Cg = (1 = x8) [(agh + sos)(141;o + 125.9A + 230.48)
+ (a,N + B,5)(461.0 + 419.9A + 806.08)
+ (g + B58)(1,612.0 + 1,483.7A + 2,982.0§)]
or _ .
A%(125.9q0 + 419.9a; + 1,489.7a3) + A[(141.0 + 230.48)a,
+ (461.0 + 806.08)a, + (1,612.0 + 2,982.08)ap + 125.988,
+ +19.988; + 1,489.78B,] + Bo6(141.0 + 230.48)
B,8(461.0 + 806.08) + Bo8(1,612.0 + 3,983.065

GQ/(l - k8)

+



28 N.A.CWA. Technical Note No., 750

Putting for a pfaéticél exanple 8 = 0.02,"this 2quas
tion takes the form .

AT(125.9a0 + 419.9a; + 1,489.7a5). + A(145.60q + 477.1las
+ 1,671.60p + 2.52B, + B.4B; + 29.7985) + Po2.91 + B19.51

c
+ §,33.43 - I_—SEE =0 (26)

NUMERICAL DETERMINATION OF THE FACTORS Ap OoF
CIRCULATION P*p AND ANGLE CHANGE iP

Case of Pa = 4,9

In equation (24b), the factors frppg fnpa' and

En s arc definite intograls that must be determined from
R'Pg -

the angle-change curves in,pa’ which had been computed

as the sums of the self-induction, the outside arnd the in-
side induction of the circulations P*n'pa at each point

of the radial abscissa p and which are shown in flgures
17 to 244 The intcecgroands of the integrals £ and g of
formulas (27) have becen computed and plotted as figures 25,
26, and 27, From thosec curves, the areas have been taken.

PTaking these values, tho equatioans that have to deter-—
mine the factors A arc, for the radius number py = 449,
numorically given by '
- A
Ag 0.1087 + A, 0.347 + Ay 1.236 = ;— 0.3 - % 0.2153
o

A
2 o0.859 - &
Pa 2
Jl 214977 -~ E 2.45%7
Pa 2

Ao 0,347 + A, 1.331 + Ay 5.269 0.696

i

1]

AQ 1.236 + Al- 5.269 + Aa 220‘12

The solution, which had to be computed very exactly because
it is rether sensitive to small changes in the coefficients,
wag found %o be:
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Ay = 9.4556 - - 1.72385 &
Pa 2
Ay = -4,0469 -2 - 0.23539 =
a 2
R e A n i 8
Ay = 0.56259 = + 0.040708 ,>
P, 2
= =0.8250 B, = ~0.1177
= 0.115 Bs = 0.020354

The quadratic cquation (26) dotormining the factor A
is then to be writtean as fol-

the torgue
lows:

coefficient

- Cq

c
A2 68.0 + A 7646 = 2.95 w ——

1 - X8

=

0

29

(24c)

from

(Zﬁa)

To choosc a waluo for the (dimensionless) torgus (or power)

cogofficient

Cq appropriate for the tip radius number

(circumferential path per unit of advance)
has to rcmomber that so high a value corresponds to rather

low powor,

stance
P
n
h
W
d
and, with

low speed,

= 160 hp. =

160.75 kg -n/scc

= 1,190 I‘.p.tl., UJ=%%
' 1 1
= 18,000 ft., p = = =
’ M 5 Mo 16
= 123.5 m.p.h. = 55 1 /scc
= 8.54 ft.
2
0q = 160 x 75 x_szoq - 15.3
1/16 x 55
x = 7.5 4nd 6 = 0,02,
c c
Q’ = Q = 1800
1 - k8 0.85 .

and high revolution wvaluesi

p.a. = ‘.L ‘-g- s

= 200 sec.”?

—— kg-m-sCC

ono

for in-
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Equation (26a) beconmoes
A% 4+ A 0.113 - 0,300 =0

As only the positive root has a physical meaning, one ob=-
talns

A = 0.,2225

It nust be remembered that this valuec of A is valid 1if
the ideoally best distribution of inducced angle changes is
obtained, If the best distribution is only dpproximately
ocbtoined, the valuc of A' may change somcwhat from the
preceding value. : '

The idoal distribution of inflow angle change was
stnted to be .

p

ijq = N ——
1+ p®

-5

2
It nust now be shown how ¢&losely the ideal induced angle
change funetion 133 hos beon approximated with only the
threc terms corrcsponding to p = 0, 1, and 2 by the neth-
od of tho loast averago absolute error of eguntions (24a),
(24%), and (27).

In the first column of table I arc given the computed
jdeal indudecd angles and, in the noxt column, the-angles 1
induced by the circulation TI'*

T* = Ay T*, + AT+ Ap T,

taken fron (23) and multiplicd by the factors 4y, A;, oand
Ay, rTeospoctively. .

The factors 4y, Ay, ond A con now be compubed
cxplicitly after the values of 'A and’ & arc given fron
(24c), as follows:

Ay, = 1.93 x 0.22256 - 0.0172 = 0.413

~0.825 x 0.2225 -« 0,0023 = ~0.1858

t
[
1

i}

1]

.
®
I

0.115 x 0.,22235 = 0.00041 0.0259
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Table I L
ploa| ho to | Ayij| Az iz [Z4p ip T A T
0.1 - 0.100 |-0.02412f - | 0.350 -
.15|-0.036 - - - - _
.2 .01509| .1042| -.04605/0.07324| .964 -z
.3 | .1102 | .o382| -.0427 | .1057 | 1.970 -
.2 | .1818 |-.082 | -.0184 | .0814 | 1.85
.5 | .2265 |~.1974| .0373 | .0664 | 1.87 =
.6 | .2490 {~.302 | .109 .0560 | 1.56 ?;
7 -2423 | ~.379 .184 .0473 | 1.41 T
.5 | .2135 [-.413 .2466 | .0421 | 1.28
9 | 154 |-.366 | .z48 | .036 .92 -
1.0 | .053 |-.141 | .118 | .031 .| 0 =

Fisurce 28 shows the two curves of inflow angle chonre
nlottecd to the sane scale. The idenlcurve for niniman~ ~
cnergy loss ugreos quite sauisfwctorily with the curve ob-
toined fron the integration over the “thrce circulatlon
(or vortex distributian) terns I*,, I'%, and T%; down -
to the third of thoe radius; farther iaside toward the hub,
the curve found from the circulation power scrics, al-
though 1t shows the snme behavior in rospect toc a peak
and the sulden docroasc, neecds sone shifting over to the
center. This change could be effoctod by a fourth tern -
of the power seriocs im T*¥* but, as the hisher Tirns shift
the circulatioa ard alse the inflow angle chaage nore o
the tip, 1% might be more scotisfoactory to odd tac lower
tern P*_l which had becen avolded beforo TTmTE——— =

r*_, = plpa = p)

that is, the sinmple parabola. This tern woas not taken in
order to prevent singularity at the center but, as an 1ln-
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ner cirele of the hupv has to bo cut out anyhow, as has becen
exploinod in an eerliocr section, this singulerity would
not anpear and would have no effect. This result proves
that, with very few terms of the power series for the cir-
cvlation, that 1ls, for the thrust distribution, the ideal
inflow deviation of minimum loss of energy can be approxi-
mated very clossly.

In table I and filgure 27 are given and plottod the
ordinates for the resultant circulation.

_].-‘* = 'A'O\P*O + Al P*l -+ .A.a P*e

The curve shows a peculiar sudden docroasce toward the root.
To the idcal dnflow angle changeo

8
i =7\_._..L.__-.._
1d l+p3 2
corresponds an (idoal) circulation function %33, which

can be approximated the morc closcly the more tcrms

arc uvsod. Still a sufficiently closo approximation wilE
always be possible with o small numbor of appropriate sore
ics torms. t

Tho othor curves c¢orrosponding to figurc 28 and to
the other tip radii numbers Pp = 3, «/§, and V1 will
be determincd in thc samo way.

Armour Institute of Techknology,
Chicago, Ill., October 17, 1939.
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